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The objective of this experiment was to find the thermal conductivity constant of a brass rod by
analyzing the change in temperature at two points as heat was applied with a square-wave function
generator at one end of the rod. By doing Fourier analysis on the temperature versus time data, the
individual resonant frequencies were found. By analyzing the difference in phase and amplitude of
each resonant frequency between the two thermistors on the rod, the thermal conductivity constant
was calculated. Using the three resonant frequencies of greatest magnitude, the calculated thermal
conductivity constants were averaged to get 99.8 W/m · K, which is moderately close to the accepted
value of 120 W/(m · K).

I. INTRODUCTION

Suppose you have hankering for a nice cup of Earl Grey
and decide to boil a pot of water. Once your di-hydrogen
monoxide reaches a nice 100 degrees Celsius, you’re ready
to pour it in to your preferred mug. Once poured, you’re
probably going to start dipping your tea bag and mixing
your honey or sugar. Now this is the important part,
you’re probably going to use a metal spoon to mix your
brew. Not long after dipping your spoon into the water,
you will feel the end of the spoon that is not in the water
become warm. It makes sense that the portion of the
spoon in the water will increase in temperature while
the water temperature falls till they are in equilibrium.
However, this does not explain why the end of the spoon
that is in your hand, but not in the water, is hot. The
reason the end of the spoon is hot, is because of thermal
conductivity.

The molecules of water have a higher energy than the
molecules of the spoon. As the spoon is placed into the
hot water, energy flows from the water into the spoon un-
til equilibrium is reached and they are at the same tem-
perature. However, a temperature gradient within the
spoon itself also develops as the part of the spoon in wa-
ter increases in energy and temperature. Therefore, just
like how the water transfers energy to the lower temper-
ature spoon, the now warmer part of the spoon transfers
energy to the cooler part of the spoon, decreasing in tem-
perature and more energy is transferred from the water
to the spoon. The motion of the free electrons within the
metal that cause electrical conductivity, also aid in ther-
mal conductivity. Energy is quickly transferred from one
atom to the other through the movement of the electrons
just like an electric charge passes through a wire. In this
way, through thermal conductivity, heat from the hot wa-
ter is being transferred to your hand through the spoon.
How quickly energy is transferred through the substance
is measured through the substance’s thermal conductiv-
ity constant, or κ. The thermal conductivity constant
is influenced by various factors such as the temperature
gradient, the specific heat, the dimensions of the object,
and density [1].

II. THEORY

If one applies heat periodically to one side of a metal
rod, the temperature at any point on the rod will fluctu-
ate at a specific frequency due to thermal conductivity.
As time continues, the energy applied at one end of the
rod travels down to the other. The thermal conductiv-
ity of the rod determines how quickly this energy travels
down the rod. Since our heat is being applied periodi-
cally, the temperature graph is also periodic and thus, the
difference in phase between two points on the rod tells
us how energy is flowing through the rod. Let’s say we
know the thermal conductivity of the rod initially, then if
we know the frequency at which the temperature is oscil-
lating and the phase at one point then we should be able
to predict the phase at another. In our case, we do not
know the thermal conductivity constant, but we do know
the amplitude, phases, and frequencies of our tempera-
ture between two points, therefore we should be able to
find the thermal conductivity constant of our substance.

There area various factors that will influence the differ-
ence in temperature between one point and the another.
This is shown through a series of integrals

˚
dQ

dt
dV −

‹
R(T − To)dS +

‹
κ∇T · ds =

˚
sρ
dT

dt
dV .

(1)

The first part of the equation
˝

dQ
dt dV represents the

heat created within the rod. However, no heat is cre-
ated within the rod of our experiment so this becomes
zero. The second part of the equation −

‚
R(T − To)dS

refers to temperature lost to radiation, which is deter-
mined by the surface area of the substance rather than
volume as it is only the atoms on the surface that are
emitting energy in the form of photons into the environ-
ment. Finally, we arrive at the conduction factor of the
equation

‚
κ∇T · ds which is positive because it is refer-

ring to the the increase in temperature arising from the
heated end of the rod. all this attributes to the overall
change in temperature at a point,

˝
sρdTdt dV where s is

the specific heat of the rod and ρ is the density.

Remembering that dQ/dt = 0, we can remove˝
dQ
dt dV from Eq. (1). Then, solving for the heat lost
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to radiation, Eq. (1) becomes
‹

κ∇T · ds−
˚

sρ
dT

dt
dV =

‹
R(T − To)dS, (2)

where we can simplify it even more using Green’s the-
orem. The closed integral

‚
κ∇T · ds can be changed

to the triple integral
˝

(κ∇2T +∇κ · ∇T ) where ∇κ is
zero since there is no change in the thermal conductivity
constant throughout the rod. Thus, Eq. (2) simplifies to

˚
(κ∇2T − sρdT

dt
)dV =

‹
R(T − To)dS. (3)

Now remembering that we are dealing with a cylindrical
rod, we can make two assumptions. One is that volume
is the cross sectional area of the rod multiplied by the
length being observed, or dV = Adx. Two, the surface
area of a cylinder is the perimeter or circumference of
the circle multiplied by the length being observed, or
dS = Pdx. This allows us to change Eq. (3) to

A

ˆ x2

x1

(κ
∂2T

∂x2
− sρ∂T

∂t
)dx = P

ˆ x2

x1

R(T − To)dx (4)

or

A

ˆ x2

x1

(κ
∂2T

∂x2
− sρ∂T

∂t
− PR

A
(T − To))dx = 0, (5)

where we can focus on the function within the integral

since it equals zero and say κ∂
2T
∂x2 −sρ∂T∂t −R(T−To) = 0.

There are two cases to this experiment, one is when
heat is applied periodically causing temperature to fluc-
tuate, and the other when it is applied at a rate so tem-
perature is constant. Lets say that heat is being ap-
plied so temperature is constant, that means that tem-
perature is not changing over time and we can assume
sρ∂T∂t = 0. Relating this back to Eq. (5), we can say

κ∂
2T
∂x2 = PR

A T and through integration, we come to the

equation T (x) = Ti exp −PRκAx . Since we are measuring
two points we have two temperatures so the difference
between those two temperatures is

T2 − T1 = Ti
(
e−λx2 − e−λx1

)
, λ =

PR

κA
. (6)

Our second case deals with the fact that heat is being
applied periodically and thus, temperature is varying si-
nusoidally over time in the form J = B(x)eiωt. But one
should not think of these two cases as separate instances
but as being simultaneous. Our function for T (x, t) is
T (x, t) = T (x) +B(x)eiωt or

T (x, t) = T (x) + J, (7)

where T (x) is the function for temperature from Eq. (6),
or a constant average temperature. We now replace our
T variable in Eq. (5) with Eq. (7), yielding

κ
∂2T (x)

∂x2
+ κ

∂2J

∂x2
− sρ

∂T (x)

∂t
− sρ

∂J

∂t
−
PR

A
(T (x))−

PR

A
(J) = 0.

(8)

We know κ∂
2T
∂x2 = PR

A T therefore κ∂
2T
∂x2 − PR

A T = 0 and
our T function from case one does not vary over time so
we can simplify our equation for T (x, t) to

κ
∂2J

∂x2
− sρ∂J

∂t
− PR

A
(J) = 0. (9)

Now we must look into what J equals, which is our func-
tion that represents the periodic nature of our temper-
ature. We will define J as B(x)eiωt and insert it into
Eq. (9). After substitution, we get

∂2J

∂x2
= eiωt

∂2B

∂x2
, (10)

since B is our only function of x. When we analyze sρ∂J∂t ,
B becomes another constant since it is independent of
time and we focus on finding the derivative of eiωt which
is iωeiωt. Equation (9) now simplifies to

eiωt
(
κ
∂2B

∂x2
− sρiω − PR

A
B

)
= 0, (11)

and we can ignore eiωt since it is on the outside of the
parentheses. What B represents is our vector or our po-
sition on the periodic graph at a particular phase or

B = a+ ib = reiφ = Boe
iφ. (12)

The magnitude of a vector or r, is the square root of the
sum of the real value squared and the imaginary value
squared or r =

√
a(x)2 + b(x)2. B(x) can also be defined

as B0e
−
√
λx where

√
λ = α+iβ. Thus, when we calculate

the second derivative over x of this function, we get

∂2β

∂x2
= (α2 − β2 + 2iαβ)B0e

−
√
λx. (13)

We also know that from Eq. (11)

∂2β

∂x2
=
isρω

κ
+
PR

κA
, (14)

therefore we can find our thermal conductivity constant

by setting our two equations for ∂2β
∂x2 equal to each other.

We can now say that α2 − β2 = PR
Aκ and 2iαβ = iωρs

κ .
Solving for our thermal conductivity constant yields

κ =
ωsρ

2αβ
. (15)

The only problem we now face is that we do not know
what α or β equals, but we can find both with some
simple algebra. We know J(x, t) = Beiωt and B =
Boe

−(α+iβ)x, therefore J(x, t) = Boe
−αxei(ωt−βx) =

(A)ei(ωt−βx). Now remember, in our experiment there
are two points on the rod being analyzed so there are
two periodic functions A1e

i(ωt−βx1) and A2e
i(ωt−βx2). If

we divide amplitude one by amplitude two, we get

Boe
−αx1

Boe−αx2
, (16)
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which ultimately gives

α =
ln(A1/A2)

x2 − x1
. (17)

We can assume that βx equals the phase, therefore β(x2−
x1) is the phase change between the two waves since there
is a lag in time between the temperature reading at the
two points on the rod. Solving for β, we get

β =
phase difference

x2 − x1
=

dφ

x2 − x1
. (18)

Lastly, Eq. (15) for our thermal conductivity constant
simplifies to

κ =
ωsρ(x2 − x1)2

2 ln(A1/A2)dφ
, (19)

where ω = 2πf , s is the specific heat, and ρ is density.

III. PROCEDURE

Heat was applied with square wave pulse at a rate of
roughly 1 mHz. A small heating film was placed at the
end of the rod that was connected to the square wave
pulse generator, as shown in Fig. (1). As heat was applied
at one end, through thermal conductivity, heat would
travel down the rod. Along the rod was foam insulation
to minimize heat loss to the environment due to con-
duction with the air and also to minimize the effect of
the changing room temperature. At two points, 15.1 cm

FIG. 1: The apparatuses used and the set-up of the experi-
ment. In front is the conducting rod, the chamber at the end
is where the heat is applied. The wires going under the foam
of the rod connect the thermistors to a 9 volt battery. The
battery provides a constant current and as the temperature of
the rod increases, the resistance decreases and so to does the
voltage which is measured by voltmeter in parallel with the
circuit. The voltmeter is behind the rod to the far right and
it is where LabView gets its data to calculate temperature.
Behind the rod, to the far left, is the function generator that
outputs the square wave to the power supply in the center,
heating the rod.

apart, two thermistors simultaneously recorded the tem-
perature of the rod.

Connected to the thermistors was an voltmeter that
converted the analog temperature data to digital data
that could be recorded in LabView every 5.33 seconds.
After 24 hours of collecting data, the information from
LabView was transferred to Igor where Fourier trans-
forms of the two temperature graphs were done to find
the resonant frequencies that made up the square wave.
The phase was found by taking the inverse tangent of
the real over the imaginary magnitudes of each resonant
frequency’s complex number. The phase difference was
found by subtracting the phase of a particular frequency
at the thermistor closer to the heat source from the phase
of the far thermistor. It is important to make sure that
both temperature versus time function are being ana-
lyzed in the same range in time, otherwise the phase dif-
ference will be incorrect. Suppose the two points had
functions that weren’t out of phase, that mean the dif-
ference in phase at a time t would be zero. If two separate
times that were not one period apart were analyzed, the
phase difference would not be zero, however this would
not mean that the two functions were out of phase. In
conclusion, the only way to accurately judge the differ-
ence in phase of two sinusoidal functions of the same
frequency is to analyze them at the same time. In the
case of Igor, many points are being analyzed to get an
accurate phase calculation so it is essential to use the
identical ranges for the Fourier transforms and complex
number calculations.

IV. DATA

Figure (2) shows the temperature versus time data that
was Fourier analyzed. From this data, an interval was
chosen where the range in temperature was constant, as
seen in Fig. (3). Since changes in the temperature of the

 !

"!

#!

$!

!

%
&
'
(
&
)*
+,
)&
-.
&
/0
1,
2
3

4!56$!
"7! !#!!

%1'&-2&03

%&'(&)*+,)&58295%1'&

FIG. 2: The 24 hours of temperature data taken at two points
on the rod. The red line on top is thermistor 1 and the blue
line beneath is thermistor 2. As you go farther away from
the heat source, heat is lost to the atmosphere due to radi-
ation and conduction with the air. Thus, the temperature
range is smaller, but frequency is still the same for the second
thermistor as the first.
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FIG. 3: The same Temperature vs. Time Graph as Fig. (2),
simply zoomed in.
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FIG. 4: A Fourier transformation of the temperature data
of Thermistor one within a specific interval in time, display-
ing the frequencies that make up the periodic temperature
function. The first, third, and fifth peaks are the resonant
frequencies used in finding the thermal conductivity.
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FIG. 5: A Fourier Transformation of the temperature data of
thermistor two, using the same interval in time as thermistor
one. Displayed are the frequencies that make up the periodic
temperature function of thermistor two. The first, third, and
fifth peaks are the resonant frequencies which are the same
as thermistor one’s.

room over a 24 hour period slightly shifted the overall
range in temperature of the bar, specific segments with
minimal change in the overall range of the temperature

TABLE I: All the variables needed to calculate the thermal
conductivity constant. Specific heat and density were known
constants, while x2 − x1, φ2 − φ1, and Amplitude1

Amplitude2
were found

experimentally.

were analyzed. One can see in Fig. (3) that the total
range in time being analyzed is far from 24 hours. When
Fourier analyzing both sets of data, the same range in
data points, and thus range in time was used. Two dif-
ferent waves of each function were calculated from the
Fourier analysis of the temperature versus time graph.
Fig. (4) and (5) show the magnitudes of thermistor one
and two and from there the complex numbers of each
point were found at the resonant frequencies. The square
root of the sum of the real and imaginary number squared
equaled the magnitude which was a good way to ensure
that the right points were being analyzed. It was es-
sential that the same range in time was analyzed when
finding the magnitude and complex numbers.

A. Uncertainty

The only reasonable human error that could attribute
to uncertainty was measuring the distance between the
two thermistors. Using a normal ruler, the measurements
were only accurate to a millimeter. From there, distance
was either rounded up or down. The final equation for

the error was δκ =

√(
∂κ
∂x

)2
. This simplifies, since x is

the only variable attributing to error, to

δκ =
ωnsρ(x2 − x1)

dφnln
(
A1

A2

) δx (20)

for n = 1, 2, 3, each peak, resonant frequency had its
own uncertainty along with its own thermal conductivity
constant.

V. CONCLUSION

The overall conclusiveness of the data was based off
whether it proved the theory, not how close it was to
the accepted value, which according to past experiments,
was 120 W/(m ·K). A sinusoidal wave, just like a chord
from a piano, is a sum of infinite waves. Fourier anal-
ysis allowed us to find the dominant waves that caused
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the temperature fluctuations in the bar to be the way
they were. These three frequencies were happening all
at once, however their difference in amplitude and phase
was what determined the overall frequency. Thus, by an-
alyzing the three individual frequencies and using their
specific phase differences, each should have yielded the
same thermal conductivity constant. All three values
were close to each other, with a standard deviation of
0.65 W/(m ·K). The reason the calculated thermal con-
ductivity constants were precise but equally inaccurate
may have been because of heat lost to conduction with
the air. Although there was insulation around the rod to
prevent heat loss due to conduction, it was not a perfect
seal. If some of the energy was transferred to molecules
in the air rather than solely through the rod, the rate at
which energy would flow through the rod may be skewed,
like trying to measure gravitational in frictional environ-
ment. Therefore, a greater gradient between the bar and
the surrounding air and high humidity would skew the
data further. Perfect condition for the experiment would
be if the bar were suspended in a vacuum or in air tight,
foam insulation. Another possibility is that since brass
is an alloy, the conductivity constant I calculated could
have indicative of the ratio of zinc to copper within the
bar? It is very possible 120 W/(m ·K) refers to a partic-
ular, common alloy of brass and that the bar used may
be different. Slight differences in ratios and additions of
particular elements heavily influence the characteristics
of the alloy. For example, an alloy containing over 39%
is stronger and less ductile while between that and 32%
yields a more ductile, heat sensitive alloy. Also, the in-
troduction of tin greatly influences the characteristics of
the alloy, making it more resistant ot the elements and
more conductive of both heat and electricity.

Looking back on this experiment, I think it was one

of the more interesting experiments in terms of the-
ory. Fourier transformations are essential to all fields
of physics and most physicists learn them at some point
but applying it to the real world is not as easy. There
are exceptions, every time a prism is put in direct sun-
light, it is essentially doing a Fourier transformation of
that light and your ears are exceptional at deciphering
different frequencies within a sound. But to have a pro-
gram that can perform Fourier analysis with any kind of
periodic data is remarkable. Using Fourier Analysis to
find phase changes between two points opens up a world
of possibility. In this experiment, we used it to find the
rate constant at which energy flows through an object or
the thermal conductivity constant, but the same meth-
ods could be used in predicting temperature fluctuations
to impending collisions of satellites in orbit. Tempera-
ture may be harder to predict now however, as the rate
at which green house gases are being emitted into the
atmosphere is ever increasing, the predictability of rises
and drops in average temperature decreases.
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